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Nuclear quantum effects lead to an anomalous shift of the volume of hexagonal ice; heavy ice has
a larger volume than light ice. Furthermore, this anomaly in ice increases with temperature and
persists in liquid water up to the boiling point. To gain more insight, we study nuclear quantum
effects on the density and compressibility of several ice-like structures and crystalline ice phases.
By calculating the anisotropic contributions to the stain tensor, we analyze how the compressibility
changes along different directions in hexagonal ice, and find that hexagonal ice is softer along the
x-y plane than the z-direction. Furthermore, by performing ab initio density functional theory
calculations with a van der Waals functional and with the quasiharmonic approximation, we find an
anomalous isotope effect in the bulk modulus of hexagonal ice: heavy ice has a smaller bulk modulus
than light ice. In agreement with the experiments, we also obtain an anomalous isotope effect for
clathrate hydrate structure I. For the rest of the ice polymorphs, the isotope effect is: i) anomalous
for ice IX, Ih, Ic, clathrate, and low density liquid-like (LDL-like) amorphous ice; ii) normal at
T = 0 K and becomes anomalous with increasing temperature for ice IX, II, high density liquid-like
(HDL-like) amorphous ices, and ice XV; iii) normal for ice VIII up to the melting point. There is a
transition from an anomalous isotope effect to a normal isotope effect for both the volume and bulk
modulus, as the density (compressibility) of the structures increases (decreases). This result can
explain the anomalous isotope effect in liquid water: as the compressibility decreases from melting
point to the compressibility minimum temperature, the difference between the volumes of the heavy
and light water rapidly decreases, but the effect stays anomalous up to the boiling temperature as
the hydrogen bond network is never completely broken by fully filling all the interstitial sites.
I. INTRODUCTION
Understanding the structure of ice and water is a
challenge especially because it is difficult to reproduce
the experimentally measured anomalies with theoretical
simulations. Upon cooling, the thermal expansion co-
efficient becomes negative at the temperature of max-
imum density1 while the specific heat2 and isothermal
compressibility1 have a minimum; and all present a di-
vergent behavior in the supercooled region of the phase
diagram3. To explain these anomalous responses in the
supercooled region, the existence of a phase transition be-
tween high density and low density liquids with a liquid-
liquid critical point has been hypothesized using empiri-
cal force field models4. There are many studies in the
supercooled5–8 and high temperature9,10 regimes. Al-
though some of the simulations find this second criti-
cal point7,8,11,12, it is not settled that the second crit-
ical point is a model independent feature5,13–17. Fur-
thermore, it is still unclear whether these empirical force
field models can capture the correct physics of hydrogen
bonds18. Therefore, there is a clear need for an insight
from quantum calculations, such as density functional
theory19.
Another open question is the contribution of zero point
vibrations to the structure of water and ice21. The tem-
peratures at which anomalies occur are different for nor-
mal and heavy ice: the temperature of specific heat min-
imum is 310K (330K)2, the temperature of maximum
density is 277K (284K)1,22, the temperature of isother-
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FIG. 1. Volume per molecule (left) and bulk modulus (right)
as a function of temperature for light and heavy liquid water
replotted from Ref. 20.
mal compressibility minimum is 319.5K (322K) for H2O
(D2O)
1. Nuclear quantum effects are also observed in the
lattice constants of light and heavy hexagonal ice Ih, as
an anomalous isotope effect23, where the larger volume
corresponds to the heavier isotope; in contrast to the
normal isotope effect, where the lighter isotope induces
a larger lattice expansion24. Furthermore, this anoma-
lous isotope effect increases up to the melting temper-
ature, and persists to the boiling temperature of liquid
water, as measured in temperature dependence of density
and compressibility of light and heavy liquid water1,20; as
shown in Fig. 1, which is replotted using Ref. 20 eq. (34,
238, 41) for volumes and eq. (35, 39) for compressibility
κ and bulk modulus B, using the relation B = 1/κ.
The primary nuclear quantum effect is revealed in the
covalent bond length: rOH is longer than rOD. The sec-
ondary nuclear quantum effect, also called the Ubbelo¨hde
effect, is revealed in the Hydrogen bond (Hbond) length
rOO, the Hbond donor-acceptor (oxygen-oxygen) dis-
tance. Due to the competing quantum effects21,25–30, the
change in Hbond length depends on the strength of the
Hbond: In a material with a strong Hbond, a librational
mode (an out-of-plane zero-point motion of the H atom)
increases the Hbond length, while a stretching mode de-
creases the Hbond length (also called positive Ubbelo¨hde
effect). In a material with a weak Hbond, the opposite
effect occurs (negative Ubbelo¨hde effect) . The Hbond
length of ice lies at the crossover between the positive and
negative Ubbelo¨hde effect. To understand the anomalous
isotope effect in ice, we developed a method based on
ab initio density functional theory (DFT) within quasi-
harmonic approximation for the volume dependence of
the phonon energy. Using this method, we showed that
the anomalous isotope effect is due to the anticorrelations
between the Hbond and OH covalent bond in hexago-
nal ice18, reflected in the Gru¨neisen parameters with op-
posite signs for librational modes and stretching modes.
With this method, we also showed that the nuclear quan-
tum effects are the source of the temperature difference
between heavy and normal ice at the proton order-to-
disorder phase transition of hexagonal ices31.
In the first section of this paper, we extend our pre-
vious studies18,31 to the bulk modulus of hexagonal ices,
to understand the links between the isotope effect and
the compressibility. We analyze the anisotropy in the
bulk modulus, and the nuclear quantum effects on the
isotropic bulk modulus of hexagonal ice, to show that
the anomaly persists in the bulk modulus calculations.
The second section analyzes the anomalous isotope ef-
fect of volume and bulk modulus (i.e. compressibility)
of different phases of ice, to gain insight into the iso-
tope effect in liquid water. Recent studies show that the
quantum effects on the volume are not always anomalous
for all phases of ice. DFT calculations predict a normal
isotope effect on the volume of ice VIII32–35, which is
confirmed by experiments34. In addition, there has not
been a study of isotope effects in different phases of ice
that lie in between ice XI and ice VIII. Therefore, we
analyze different ice-like structures between these two
extremes, with different levels of Hbond, OH covalent
bond, and van der Waals (vdW) bond strengths, and in-
terstitial sites. In addition to the polymorphs: ice XI,
ice Ih, ice II, ice IX, ice XV, and ice VIII, we study
clathrate hydrates, where an anomalous isotope effect has
been observed experimentally36, as well as high density
liquid-like (HDL-like) and low density liquid-like (LDL-
like) amorphous ice structures, which resemble liquid wa-
ter due to the structural disorder in these glassy systems.
With this analysis, we conclude how nuclear quantum ef-
fects change with the structure, and make links between
the anomalous isotope effect and the compressibility min-
imum of liquid water.
II. METHODOLOGY
A. Ice Structures
Fig. 2 shows the ice polymorphs studied in this work.
Details of each structure is as follows:
1. Hexagonal ice
The most common phase is hexagonal ice Ih, in which
oxygen atoms occupy the hexagonal wurtzite structure,
while the hydrogen atoms are disordered. The two
covalently-bonded protons have six possible orientations,
but are constrained by Bernal-Fowler “ice rules” to have
one proton per tetrahedral O-O bond. If ice is catalyzed
by KOH− at 72 K, it goes through a phase transition
where the protons order37. Therefore, we consider two
possible proton-ordered phases as well as the proton-
disordered phase:
(i) Ice XI. This system has 4 molecules in the unit cell.
Oxygen atoms are constrained to the hexagonal lattice,
and hydrogen atoms have ferroelectric order with a net
dipole moment along the c-axis.
ii) Ice aXI. This system has 8 molecules in the unit
cell. The oxygen atoms are ordered as in ice XI, but the
hydrogen atoms have antiferroelectric order with no net
dipole moment.
(ii) Ice Ih. Our model for the H-disordered ice Ih struc-
ture has 96 molecules in a 3a×2√3a×2c cell. This system
has proton disorder, with no net dipole moment. Both
systems have low density liquid like structures.
We have shown before that the order-to-disorder
phase transition occurs from the ferroelectric-proton-
ordered ice XI, but for completeness, we also present the
antiferroelectric-proton-ordered ice aXI31.
2. Cubic ice Ic
Cubic ice Ic is metastable with oxygen atoms are ar-
ranged in the cubic diamond structure. We only study
a proton-ordered structure with 2 molecules in the unit
cell.
Ice Ic is formed when the temperature of amorphous ice
is increased above ∼ 130 K38. Alternatively, supercooled
water crystallizes to ice Ic upon cooling39. Ice Ic also
forms when high pressure phases from ice II to ice IX are
recovered in liquid nitrogen and heated40,41. Therefore,
there is no sharp phase transition between ice Ic and ice
Ih. The relationship between the hexagonal ice and the
cubic ice is defined by different stacking orders: ice Ih is
AB stacked, while ice Ic is ABC stacked. There are also
studies on the formation of ice with a mixture of ice Ih
3FIG. 2. Ice polymorphs studied in this work. Each structure is shown in a 2× 2× 2 super cell, and rotated to better show the
periodicity of the unit cell.
and ice Ic, with stacking disorder. We are interested in
understanding the isotope effect with changing density.
Therefore the stacking disorder between ice Ic and ice Ih
is beyond the scope of this work42.
3. Clathrate hydrate structure I
The clathrate hydrate structure I has two 512 cages
and six 51262 cages for a total of 46 H2O molecules per
unit cell43. The original structure has a host of 8 CH4
molecules, but for the purposes of this study, we will
focus on the empty clathrate hydrate structure I, which
will be denoted as clathrate sI.
4. Amorphous ices
To approximate amorphous ices, we have taken inher-
ent structures from different ab initio molecular dynam-
ics (AIMD) simulations:
i) One configuration from low density liquid like (LDL-
like) structure, taken from AIMD simulations of 128 wa-
ter molecules with simulation density ρ = 1g/cm3 with
the PBE functional19.
ii) Two configurations from high density liquid like
(HDL-like) structure, taken from AIMD simulations of
64 water molecules with simulation density ρ = 1g/cm3
with the vdW-DFPBE functional44.
iii) One configuration from high density liquid like
(HDL-like) structure, taken from AIMD simulations
of 128 water molecules with simulation density ρ =
1.2g/cm3 with the vdW-DFPBE functional19.
These configurations have both proton and oxygen dis-
order, different from crystalline structures, resembling
the structure of liquid water.
5. Ice IX
Neutron diffraction experiments show that the unit cell
of ice IX is tetragonal, with proton ordering45,46, and
with 12 molecules in the unit cell. Ice IX forms by a phase
transition from metastable proton-disordered ice III. The
proton ordering of ice III occurs when high permittivity
due to the proton disorder falls gradually at around 173
K47.
6. Ice II
The structure of ice II is determined both from X-ray48
and neutron diffraction measurements49 to be rhombohe-
dral with α = 113.1◦ and with 12 molecules in the unit
cell. The experimental angle is kept constant in all cal-
4culations. This structure is completely proton ordered.
A proton-disordered polymorph of ice II does not exist
in the ice phase diagram. Ice II forms when pressure is
applied on hexagonal ice Ih at temperatures between 193
K and 231 K, or when pressure is released from ice V at
243 K50. When ice II is heated, a phase transition to ice
III occurs. However, cooling of ice III does not transform
it back to ice II. Instead, ice III stays metastable until it
transforms into ice IX50.
7. Ice XV
The structure of ice XV is determined to be
pseudo-orthorhombic from powder neutron diffraction
experiments51. For simplicity, we used a pseudo-
tetragonal cell such that the lattice parameters are a =
b 6= c, with the angles α = 90.1◦ and β = γ = 89.9◦ fixed
to the experimental values, and with 10 molecules in the
unit cell. Ice XV is the antiferroelectric-proton-ordered
polymorph of proton-disordered ice VI. Ice XV is stable
at temperatures below ∼ 130 K and pressures between
0.8 to 1.5 GPa51.
8. Ice VIII
Ice VIII is determined to be tetragonal from neutron
diffraction experiments52,53, with 8 molecules in the unit
cell, and with two interpenetrated networks, in which
molecules of one network occupy the interstitial sites of
the other network, each with underlying structure of ice
Ic. Within each network, the aforementioned ice rules
are satisfied, but there is no Hbond connection between
the two networks. The bonding between these uncon-
nected networks is dominated by the van der Waals inter-
action. Each interpenetrating network have ferroelectric
order along the zˆ-axis with opposite signs, resulting in
a net antiferroelectric structure53–56. Therefore, the in-
clusion of vdW forces into the calculations become even
more important for this case. Previous calculations of
the Hbonded O-O networks and non-bonded O· · ·O net-
works do not include vdW effects34,35,57,58. The inelastic
neutron scattering spectrum of ice VIII shows a weak
coupling between the intramolecular and intermolecular
modes59, which indeed point to a normal isotope effect
in this system. Ice VIII and its proton-disordered form
ice VII are the most dense ice phases, located at the high
pressure region of the ice phase diagram.
B. Theory
1. Free Energy within Quasiharmonic Approximation
To include the nuclear quantum effects, the Helmholtz
free energy F (V, T ) 60 is calculated as a function of vol-
ume and temperature in the volume-dependent quasihar-
monic approximation (QHA):18,61
F (V, T ) = E0(V ) +∑
k
[
~ωk(V )
2
+ kBT ln
(
1− e−~ωk(V )/kBT
)]
.(1)
Here E0(V ) is the energy for classical (or frozen) nuclei,
at the relaxed atomic coordinates of each volume. The
volume V (T ) and bulk modulus are calculated from the
minimum and the curvature of F (V ) at each T . The
phonon frequencies, ωk are calculated with k running
over both the branches and the phonon wave vectors
within the Brillouin zone. The volume shift of ωk is found
for each T , as parameterized by the Gru¨neisen parame-
ter:
γk = −∂(lnωk)
∂(lnV )
= − V
ωk
∂ωk
∂V
. (2)
In linear approximation this is
ωk(V ) = ω(V0)
(
V
V0
)
−γk
(3)
≈ ω(V0)
(
1− γk V − V0
V0
)
. (4)
We have shown previously18,61, the QHA as linearized in
eq. (4) is an excellent approximation to the full QHA.
Other studies also confirm that the QHA is an appropri-
ate method to analyze the isotope effect on the volume
and volume derivatives of the energy, such as the bulk
modulus32–35,62.
2. Bulk Modulus and Pressure
For the bulk modulus calculations, we change the lat-
tice parameters by 0.15% and make a third order polyno-
mial fit to the free energy as a function of volume, F (V )
at a given temperature. The curvature of this fit gives
the bulk modulus,
B = Vmin
∂2F
∂V 2
∣∣∣∣
V=Vmin
, (5)
where Vmin is the minimum of the F (V ) curve
63. For
the classical (frozen lattice) bulk modulus B0, we use the
Kohn-Sham energy E0 instead.
The pressure of the system as a function of volume at
a given T is calculated from the free energy
P (V ) = −∂F
∂V
. (6)
C. Computational Methods
We use siesta code with norm-conserving pseudopo-
tentials, and numerical atomic basis sets for the valence
5electrons, for DFT calculations64,65. We use two differ-
ent density functionals: PBE within generalized gradient
approximation (GGA) to the exchange and correlation,
and vdW-DFPBE with inclusion of long range van der
Waals interactions66–68; as well as the TTM3F force-field
method69, for the bulk modulus calculations of hexago-
nal ices. For the rest of the ice-like structures, we present
only the results with the vdW-DFPBE functional, since
the inclusion of the vdW forces has been shown to be
crucial in the analysis of ice polymorphs31,70. Compari-
son of the results with the PBE functional can be found
in Ref.71.
For hexagonal ices, the same procedure is followed as
Ref.18,31 All initial structural relaxations are done by the
tζ+p atomic orbital basis set for ice Ic, clathrate sI, and
amorphous ices, and the dζ+dp atomic orbital basis set
developed in Ref.19 for ice IX, ice II, ice XV, and ice VIII.
We use a real-space mesh cutoff of 500-600 Ry for the real
space integrals, an electron momentum Monkhorst-Pack
grid of 6×6×6 for unit cell calculations, a force tolerance
of 0.005-0.001 eV/A˚ , and a density matrix tolerance of
10−4-10−5 electrons. Further details of these parameters
for each structure can also be found in Ref.71. For the vol-
ume dependence of the Kohn-Sham energy, the electronic
energy of these relaxed configurations are recalculated us-
ing the qζ+dp atomic orbital basis sets. The curve for
Kohn-Sham energy as a function of volume E0(V ) is ob-
tained and the classical (frozen) volume V0 is calculated
from the minimum of a third order polynomial fit.
For nuclear quantum effects, the vibrational modes
are calculated using the frozen phonon approximation.
All force constants calculations are performed with the
same basis sets with which the initial relaxations are per-
formed. We used an atomic displacement ∆x=0.06-0.08
A˚ for the frozen phonon calculation. The phonon fre-
quencies, ωk(V0) and Gru¨neisen parameters γk(V0) are
obtained by diagonalizing the dynamical matrix, com-
puted by finite differences from the atomic forces, at vol-
umes slightly below and above V0. For crystalline ices, a
3 × 3 × 3 super cell is used. The Gru¨neisen parameters
are calculated for 3 volumes, and the phonon modes are
calculated by dividing Brillouin zone to a grid of 9×9×9,
with equal weights.
III. RESULTS
A. Bulk Modulus of Hexagonal Ices
1. Anisotropy in Classical Bulk Modulus
We first determine optimal lattice parameters of hexag-
onal ices. Lattice parameters are kept constant at
each ionic relaxation, and varied systematically to cover
E0(a, c) surface. The optimal lattice parameters are se-
lected both considering the minimum of E0(a, c) surface,
and E0(V ) curve, at P = 0.
Table. I gives calculated lattice parameters of all three
TABLE I. a and c lattice parameters, their ratio (c/a),
and the corresponding volume per molecule, Volume/H2O=
a2c
√
3/2/NH2O, for the force field model (FF) or exchange
and correlation functional (XC). All lengths are in A˚ and
volumes in A˚3.
FF/XC Ice a c c/a Volume/H2O
TTM3-F Ih 4.54 7.41 1.632 33.07
TTM3-F aXI 4.55 7.41 1.629 33.21
TTM3-F XI 4.54 7.43 1.637 33.16
PBE Ih 4.42 7.21 1.631 30.49
PBE aXI 4.42 7.21 1.631 30.49
PBE XI 4.42 7.21 1.631 30.49
vdW-DFPBE Ih 4.45 7.27 1.634 31.17
vdW-DFPBE aXI 4.46 7.25 1.624 31.18
vdW-DFPBE XI 4.45 7.25 1.629 31.08
Expt.23 10K H2O Ih 4.497 7.321 1.628 32.05
Expt.23 10K D2O Ih 4.498 7.324 1.628 32.08
Expt.72 5K D2O Ih 4.497 7.324 1.629 32.07
Expt.72 5K D2O XI 4.501 7.292 1.620 31.98
hexagonal ice structures, as well as the experimental re-
sults obtained for both heavy and light ice by synchrotron
radiation23. We also present experimental lattice param-
eters from Ref. 72 as they study neutron diffraction of
both ice XI and ice Ih. They compare the orthorhom-
bic structure of ice XI with the hexagonal structure of
ice Ih. Since we keep hexagonal symmetry in our ice
XI calculations, we compare to experimental lattice pa-
rameters
√
(ab/
√
3) of ice XI72. In this case, the exper-
imental lattice parameter a changes very slightly from
ordered to disordered phase, whereas the lattice param-
eter c changes significantly.
The TTM3-F force-field model predicts that ice XI has
a larger volume than ice Ih, which is opposite to the ex-
perimental results; and ice aXI has the largest volume.
The change is caused by the lattice parameter a, when
ordering is from ice aXI to ice Ih; and by c, when or-
dering is from ice XI to ice Ih. Changes in the c are in
opposite directions between the TTM3-F model and the
vdW-DFPBE functional. The PBE functional predicts
that both proton-ordered ices (ice XI and aXI) have the
same lattice parameter as ice Ih. The vdW-DFPBE func-
tional predicts that the antiferroelectric-ordered ice aXI
has larger volume than both ice Ih and ice XI. The lattice
parameter a (c) of ice aXI is larger (smaller) than that of
ice Ih, while the difference in the volume of ice aXI and
ice XI is only due to the change in the lattice parameter
a. Ferroelectric-ordered ice XI has a smaller volume than
ice Ih. This change in volume is due to the change in the
lattice parameter c, in good agreement with experiments,
again showing the importance of van-der Waals forces in
calculations. vdW-DFPBE gives lattice changes similar
to experiments between the ferroelectric-ordered ice XI
and proton disordered ice Ih. This agrees with our pre-
vious prediction that the proton order-to-disorder phase
transition is from the ferroelectric-ordered ice XI to ice
Ih31.
Considering the hexagonal structure of ice, with dif-
6ferent lattice parameters along different directions as ex-
plained above, the bulk modulus of ice is expected to be
different with respect to the compressions along the x-y
plane and z-axis. Components of the strain tensor are
different for displacements along different directions. We
consider three contributions to strain tensor:
i) (C11+C12)/2, keeping lattice parameter c constant,
while changing a by 0.15%. This shows how the bulk
modulus is affected changes along the x-y plane.
ii) C33, keeping lattice parameter a constant, while
changing the lattice parameter c by 0.15%. Similarly, this
shows how the bulk modulus is affected changes along the
z-axis.
iii) C13, using the relation between the isotropic bulk
modulus and other components:
B =
C33(C11 + C12)− 2C213
C11 + C12 + 2C33 − 4C13 (7)
The relations between strain tensor and bulk modulus,
and the derivation of eq. (7) are explained in detail in
the Supporting Information (SI). The strain tensor com-
ponents and the bulk modulus results are summarized in
Table II. In addition, we check eq. (7) against the ex-
perimental data of Ref 73 in the last two rows of Table
II. Using experimental values of B0, (C11 + C12)/2, and
C33, we have calculated C13. The calculated compared
reasonably with experiment, considering the spread both
in the experimental and theoretical results.
TABLE II. The classical bulk modulus and the related com-
ponents of the strain tensor in units of GPa. Experimental
results are extrapolated to T=0K from eq. (4) of Ref 73.
e is the experimental result from the reference, and c is the
calculated result using eq. (7).
FF/XC Ice B0 (C11 + C12)/2 C33 C13
TTM3-F Ih 13.7 15.0 20.3 10.8
TTM3-F aXI 14.1 14.8 20.4 12.2
TTM3-F XI 14.2 14.4 20.8 13.3
PBE Ih 14.2 17.4 27.1 7.9
PBE aXI 14.3 17.5 26.9 8.0
PBE XI 14.3 17.4 26.3 8.2
vdW-DFPBE Ih 13.5 15.7 21.9 9.3
vdW-DFPBE aXI 14.1 16.2 20.8 10.4
vdW-DFPBE XI 14.3 16.1 22.1 10.6
Expt73 Ih 8.48 10.31 14.76 5.63e
Expt73 Ih 8.48 10.31 14.76 5.09c
The experimental results spread over a range be-
tween 7-12 GPa, for the bulk modulus of proton disor-
dered ice Ih. Few authors comment on the anisotropic
components74. The experimental results73 in Table II
lie on the lower end of this spread when isotropic bulk
moduli are compared73,74. However, they still give a
qualitative intuition about the order of magnitude of dif-
ferent components of the strain tensor. Comparing our
calculations of anisotropic bulk modulus along different
directions, shows that bulk modulus along the xy-plane,
(C11+C12)/2, is smaller than that along the z-axis, (C33).
Hexagonal ice is softer along the x-y plane than along the
z-axis.
Without a bulk modulus experiment on proton-ordered
ice XI it is difficult to comment on structural differences
between ice XI and ice Ih. The TTM3-F force field model
gives no net trend between different components of the
strain tensor, and an inconsistency between lattice pa-
rameter and bulk modulus. Focusing on the structural
differences between the ferroelectric-ordered ice XI and
proton disordered ice Ih, with the semilocal PBE func-
tional, all components of the strain tensor are similar.
When non-local vdW forces are included using the vdW-
DFPBE functional, both the isotropic and anisotropic
moduli of ice XI are clearly larger than those of ice Ih.
This predicts that disordered ice Ih is softer than ordered
ice XI. The vdW-DFPBE functional gives more reasonable
bulk modulus results that are consistent with the trend
in the volume and lattice parameters.
2. Nuclear Quantum Effects on Bulk Modulus
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FIG. 3. Bulk modulus as a function of temperature calculated
with the QHA using the vdW-DFPBE functional for proton-
ordered ice XI. The experimental results are taken from Ref.
74.
We also estimate the contributions from quantum zero
point effects by calculating the curvature of free energy
calculations in eq. (1). We computed the phonon den-
sity of states and corresponding Gru¨neisen parameters,
γk, of all structures, as described in eq. (2). Accurate es-
timation of Gru¨neisen parameter is crucial, because the
average value 〈ωkγk〉 determines whether a system has
a normal or anomalous isotope effect18. In the normal
isotope effect, the bulk modulus of the heavier isotope is
larger, whereas in the anomalous isotope effect, the bulk
modulus of the lighter isotope is larger. Negative γk’s
7TABLE III. The bulk modulus of hexagonal ices including the quantum zero point effects in units of GPa, as well as the isotope
effect on the bulk modulus IS(A-B)=B(A)
B(B)
− 1 between the isotopes A and B.
FF/XC Ice B0 H2O D2O H218O IS(H-D) IS(16O-18O)
TTM3-F Ih 13.74 12.81 12.85 12.86 −0.31% −0.39%
TTM3-F aXI 14.13 13.03 13.08 13.09 −0.38% −0.46%
TTM3-F XI 14.24 13.04 13.09 13.10 −0.38% −0.46%
PBE Ih 14.24 14.18 13.44 14.33 +5.22% −1.06%
PBE aXI 14.31 13.79 13.15 13.95 +4.63% −1.17%
PBE XI 14.27 13.70 13.18 13.84 +3.80% −1.02%
vdW-DFPBE Ih 13.52 13.45 13.43 13.46 +0.15% −0.07%
vdW-DFPBE aXI 14.05 13.36 13.23 13.43 +1.00% −0.53%
vdW-DFPBE XI 14.32 13.26 13.06 13.37 +1.51% −2.37%
Expt.75,76 Ih 12.1
Expt.73 Ih 8.48
Expt.74,77 Ih 10.9
imply a softening of the modes with decreasing volume,
favoring larger bulk modulus for the lighter isotope.
Within each structure, considering how frequencies
and Gru¨neisen parameters are distributed, we separate
phonon modes into 6 groups. Fig. 4 and 5 show phonon
density of states and Gru¨neisen parameters of each mode.
The average phonon frequencies and the corresponding
average γk for each group can be found in the SI of
Ref.31. First, there is a band with small frequencies
(ω ∼ 74 cm−1), associated with the stretching modes of
the Hbond, that has negative γk, responsible for the neg-
ative thermal expansion of hexagonal ice.23 The trans-
lational modes (ω ∼ 271 cm−1) are mostly dominated
by oxygen atoms, while the libration modes (ω ∼ 847
cm−1) are dominated by the hydrogen atoms. These
two modes both contribute to the strength of Hbond-
ing network, and they have positive γk, favoring the
normal isotope effect. The bending modes (ω ∼ 1646
cm−1) are very harmonic and have very small γk, and a
small effect on the isotope effect. These modes do not
contribute to the interplay between covalent bond and
Hbond network. The highest frequencies correspond to
the anti-symmetric (ω ∼ 3314 cm−1 for H2O) and sym-
metric (ω ∼ 3115 cm−1 for H2O) stretching modes of the
OH covalent bond, with weight mostly on the hydrogen
atoms. The stretching modes have negative γk’s, favor-
ing anomalous isotope effect. There is an anti-correlation
between the translational and librational modes which
determine the strength of the Hbond and the stretching
modes which determine the strength of the OH covalent
bond. The anomalous isotope effect is a result of a fine
balance between cancellations of contributions from each
band18,78.
Results for the bulk modulus at T = 0 K are in Table
III. The temperature dependence of the bulk modulus is
given in Fig. 3 for ferroelectric-proton-ordered ice XI,
calculated with the vdW-DFPBE functional.
The TTM3-F force field model does not correctly pre-
dict anomalous isotope effect at low temperatures. Tem-
perature dependence of bulk modulus for ice XI and ice
Ih with TTM3-F model are in SI. With this model, there
is a crossing from normal to anomalous isotope effect at
∼ 270 K, close to the melting temperature, where the
low frequency modes with γk > 0 become classical, and
high frequency modes with γk < 0 dominate the quantum
effects78.
DFT calculations reproduce the anomalous effect on
the isotopes of hydrogen atoms, i.e the bulk modulus of
H2O is larger than the bulk modulus of D2O. Similarly
to the volume isotope effect18, the bulk moduli of oxygen
isotopes are predicted to have a normal isotope effect,
i.e the bulk modulus of H2O is smaller than the bulk
modulus of H2
18O. This behavior is reproduced qualita-
tively for both DFT functionals. Comparing with pre-
vious DFT plane wave studies33, our PBE calculations
perform quite similarly. However, plane wave calcula-
tions that include van der Waals forces with the vdW-
DF2 functional79 do not give the anomalous isotope shift.
Therefore, the vdW-DFPBE functional is a better candi-
date for this type of analysis. There is still room for
improvement of van der Waals forces representation with
the density functionals70.
As the temperature increases, the bulk modulus of all
ices decrease. The convergence to the classical bulk mod-
ulus occurs at the temperatures much higher than the
melting temperature of ice. This is an indication that the
nuclear quantum effects are still important in the liquid
water and must be considered for the correct structural
analysis.
B. Nuclear Quantum Effects in Other Ice
Polymorphs
Experiment shows that the anomalous volume isotope
effect of the replacement of H with D, also persists in liq-
uid water,1,20 although the structure of the liquid is very
different from hexagonal ice. Therefore, we turn our fo-
cus to other crystalline ice phases and ice-like structures
with varying densities in order to understand the isotope
effect on the volumes and compressibility.
As before, we start with an analysis of the density of
states and the Gru¨neisen parameters, γk, of all struc-
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FIG. 4. Phonon density of states for H2O, projected onto H and O atoms, obtained with the vdW-DF
PBE functional.
FIG. 5. Average Gru¨neisen parameter of each phonon mode, obtained with the vdW-DFPBE functional.
tures, as given in Fig. 4 and 5. The trends in frequencies
and corresponding Gru¨neisen parameters seen in hexag-
onal ices persist in ice Ic and clathrate sI, and also in
LDL-like amorphous ice. However, as the density in-
creases, some of the low frequency bands start mixing
and are harder to differentiate into groups. The first
difference appears in the low frequency group with neg-
ative γk, associated with the stretching of the Hbond
and the negative Gru¨neisen parameters and responsible
for the negative thermal expansion of hexagonal ice.23
This band has negative γk for ice Ic and clathrate sI; its
Gru¨neisen parameters start to become positive in amor-
phous ices, and high density crystalline ices, ice IX, ice
II, ice XV, and ice VIII. Consequently, a negative ther-
mal expansion is observed in ice Ic at ∼ 60 K and in
empty clathrate sI at ∼ 70 K, and this behavior is not
observed in rest of the crystalline phases. However, this
band is not dominant in the determination of the iso-
tope effect in general. The translational modes and the
libration modes that are linked to the Hbonding network
both mostly have positive γk, favoring the normal isotope
effect. For all structures, the bending modes are very har-
9monic and they have very small γk, hence these modes
are not effective enough on the isotope effect. The high-
est frequencies, which correspond to the anti-symmetric
and symmetric stretching modes of the OH covalent bond
with a weight mostly on the hydrogen atoms, have neg-
ative γk, favoring the anomalous isotope effect. For the
crystalline phases and empty clathrate sI, it is possible
to distinguish between the symmetric and anti-symmetric
stretching modes, while for amorphous ices these modes
are mixed, similar to the phonon density of states of liq-
uid water. The anti-symmetric stretching modes have
in general less negative γk as compared to the symmet-
ric stretching modes. In addition, these modes become
less and less negative as the density of the ice phase in-
creases going from ice XI towards ice VIII. Again, the fine
balance between the translational and librational modes,
which are linked to the strength of the Hbond, and the
stretching modes, which are linked to the strength of the
OH covalent bond, determine whether the system has a
normal or anomalous isotope effect.
0 200 400 600 800 1000
Pressure (Bar)
-1.25
-1
-0.75
-0.5
-0.25
0
0.25
0.5
V
ol
um
e 
Ch
an
ge
 %
FIG. 6. Volume change V (P )/VH2O(0)−1, relative to H2O at
P = 0 bar for empty clathrate structure I. The lines are the
calculations and the dots are the experimental values taken
from Ref.36.
The isotope effect on the volume of the clathrate sI is
known to be anomalous from the experiments36, there-
fore we first focus on this structure to compare our cal-
culations. We calculate the free energy profiles of cor-
responding experimental temperatures, T = 271 K for
H2O and T = 273 K for D2O and obtain the relation
between the pressure and the volume, as explained in eq.
(6). To compare the isotope shift in clathrate sI, the ex-
perimental H2O volume at the lowest experimental pres-
sure, and the calculated H2O volume at zero pressure are
both set to zero; and Fig. 6 shows the relative change in
the volume from H2O to D2O. These results show that
the anomalous isotope effect in clathrate sI, as well as
the amount of the shift in the volume, is well captured
with the vdW-DFPBE functional. Even though there is
a difference in the slopes of the experimental and the
theoretical values, which is reflected in the bulk modulus
results, the net isotope shift in the volume is well repre-
sented within the QHA. The isotope shift is similar for
the filled structures, and is presented in the SI. Similarly
to the isotope effect in volume, the isotope effect in the
bulk modulus is also anomalous.
Next, we present the volume and bulk modulus as a
function of temperature for all structures in Fig. 7 and
Fig. 8 respectively. The low density crystalline ices:
hexagonal ices and cubic ice have a similar structure with
a volume per molecule of V ∼ 31.5 A˚ at T = 0 K, and
a bulk modulus of B ∼ 13 GPa. The empty clathrate sI
has slightly larger volume per molecule V ∼ 36 A˚, and
smaller bulk modulus B ∼ 10.5 GPa, and these results
are in general good agreement with the experiments36.
The LDL-like amorphous ice has smaller volume per
molecule V ∼ 30 A˚ and bulk modulus B ∼ 8 GPa,
which is close to that of liquid water. The crystalline
ices that are in the middle of the pressure range of the
phase diagram: ice IX and ice II both have a volume per
molecule of V ∼ 25 A˚, and this is in good agreement
with the experiments45,48. At T = 225 K, the volume
for ice II is in good comparison with the experimental
value of V = 25.6 A˚, while the bulk modulus B ∼ 15
GPa is larger than the experimental value of B = 12.13
GPa80. There is no data, to our knowledge, on the bulk
modulus of ice IX, therefore we comment on its proton-
disordered polymorph ice III that has an experimental
bulk modulus very similar to the bulk modulus of ice Ih
B ∼ 9.6 GPa81, which agrees with our results that the
bulk modulus stays B ∼ 13 GPa slightly decreasing from
ice XI to ice IX. The volume per molecule decreases as we
get to ice XV; the experimental volume per molecule is
V = 22.5 A˚51, and is slightly smaller than our calculated
result of V ∼ 23 A˚. Again due to the lack of bulk modu-
lus data of ice XV, we compare to its proton-disordered
polymorph ice VI, and the bulk modulus increases signifi-
cantly to B = 18.5 GPa73, which agrees with the trend of
the increase in our calculated bulk modulus results. This
trend of decrease in the volume and increase in the bulk
modulus also occurs going from LDL-like amorphous ices
to HDL-like amorphous ices. Ice VIII has the smallest
volume per molecule among all the structures, and the
calculated value V ∼ 21 A˚ slightly overestimates as com-
pared to experiments under pressure53. Consequently,
the calculated bulk modulus B ∼ 16 GPa is underesti-
mated as compared to the recently reported experimen-
tal value of B = 18.7 GPa82, and also as compared to its
proton-disordered polymorph ice VII B = 20.4 GPa83,84.
We continue our analysis with the isotope effect, and we
present, for completeness, the isotope effect of the oxy-
gen atoms both on the volume and bulk modulus, which
stays as normal isotope effect for all structures, but in
the following discussion, we focus on the isotope effect of
the hydrogen atoms.
The isotope effect at T = 0 K is anomalous and it
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FIG. 7. Volume per molecule as a function of temperature calculated with the QHA using the vdW-DFPBE functional.
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FIG. 8. Bulk modulus as a function of temperature calculated with the QHA using the vdW-DFPBE functional.
stays anomalous up to the melting point for low density
structures: hexagonal ices, ice Ic, clathrate sI and LDL-
like ices. As the density of the structure increases, going
towards ice IX, ice II, and ice XV, as well as in HDL-
like amorphous ices, the isotope effect is normal at low
temperatures, with a transition to the anomalous isotope
effect at higher temperatures. Although it is not possi-
ble to exactly determine the temperature of the crossing
from normal isotope effect to anomalous isotope effect,
we can observe qualitatively that the higher the density,
the higher the crossing temperatures. And finally, the
isotope effect is normal up to the melting point for ice
VIII, which has the highest density. All the results are
given at zero pressure, however some of these structures
are stable only under applied pressure. Therefore, we
also present the isotope effect in volume of ice VIII un-
der 2.5 GPa as a comparison in the SI, and the conclu-
sions we draw do not change. The trends on the isotope
effect on the bulk modulus follow the isotope effect on
the volume. The isotope effect on the bulk modulus also
starts anomalous at low density ice structures and then
presents a crossing from normal to anomalous isotope ef-
fect as the density of the structure increases. Finally, at
the highest density structure of ice VIII, it stays normal
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up to the melting point. This is depicted on the phase
diagram in Fig. 9 as adapted from Ref. 85. Blue shaded
area shows the ice phases that have the anomalous effect,
the crossing region in white shows the ice phases that are
at the crossing of the normal and anomalous effects, and
the red region shows the ice phases that have the normal
isotope effect.
FIG. 9. Isotope effect on the phase diagram of water (adapted
from Ref. 85). Blue, low pressure region: ice phases with the
anomalous isotope effect. White, crossing region: ice phases
at the crossing of normal to anomalous isotope effect. Red,
high pressure region: ice phases with the normal isotope ef-
fect.
These observations let us make one final analysis
on these systems. Table IV shows the average dis-
tance between oxygen atoms when they are Hbonded,
< rHbondOO >, van der Waals bonded < r
vdW
OO >, and the
average number of each bond in the analyzed configura-
tions. Also included are the isotope effect with respect to
H2O and its quantum volume. The structures are listed
from the most anomalous to the least anomalous in the
isotope effect on the volume.
For the structures with anomalous effect, the Hbond
length is small and is highly populated, while those sys-
tems have no (ice XI, clathrate sI, ice Ic) or very few
(LDL-like amorphous) vdW bonds. As the density of
the structures increases (ice IX, HDL-like amorphous,
ice II), Hbond length keeps increasing, but more impor-
tantly, these systems have more van der Waals bonds,
populating the interstitial sites. Then the effect starts to
become normal, but small, and a transition to anoma-
lous isotope effect happens at high temperatures. In the
most extreme case of ice VIII, both Hbond length is the
largest, vdW bond length is the smallest and the number
of vdW bonds is the largest. Then, for all temperatures
and pressures, the isotope effect stays normal.
This shows that the density or the rOO distance by
itself is not enough to predict the sign of the isotope ef-
fect. For example for HDL-likeρ=1.2T=300 structure, in spite
of the fact that rOO distance of both bonds are larger
than ice IX and ice II, the volume is smaller (density
is larger). This is because both bonds are more pop-
ulated, leading to a conclusion of smaller volume per
molecule and a normal isotope effect, after all. Another
example is ice VIII where the experimental Hbond dis-
tance is rHbondOO = 2.979(1)A˚
53, and for the vdW-DFPBE
functional it is rHbondOO = 2.943A˚. Then, each molecule
has four vdW bonded (non-bonded) configurations, two
of which are closer than the Hbond distance, and two
further away. Experimentally, the vdW bonded con-
figuration distance is: rvdW1OO = 2.743(9)A˚
53 and for
vdW-DFPBE functional it is rvdW1OO = 2.822A˚. The sec-
ond vdW bonded configuration distance for vdW-DFPBE
functional is: rvdW2OO = 3.075A˚, resulting an average of 4
vdW bond lengths of rvdWOO = 2.949A˚. Therefore, there is
a fine balance between the bond length distances and how
many bonds each molecule has. This discussion agrees
with recent predictions on the isotope effect in other ice
phases34,35.
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FIG. 10. Volume per molecule calculated with the QHA at the
liquid water temperatures for the LDL-like amorphous ice and
the HDL-like amorphous ice is compared to the experimental
values for the liquid. The inset shows what the LDL-like
contribution λ, such that λV LDL−like + (1 − λ)V HDL−like =
V expt.
Finally, we can make some links to liquid water, by
exploiting the experimental results on the isotope effect
on the volume of liquid water1,20. Considering the dif-
ference between the volume per molecule of liquid wa-
ter with D2O and H2O, VD2O − VH2O, from Fig. 1, the
volume difference decreases with increasing temperature,
therefore the isotope effect goes from strongly anoma-
lous towards weakly anomalous, but not crossing up to
the boiling temperature. There are two different regions:
a region with rapidly decreasing difference VD2O − VH2O
going from anomalous towards a normal isotope effect,
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TABLE IV. Average oxygen-oxygen distance in A˚ for Hbonded and vdW bonded configurations and average number of bonds
per molecule for different configurations of structures. The quantum H2O volume in A˚
3 and bulk modulus in GPa with their
isotope effect from hydrogen to deuterium, ISV (H-D)=
V (H)
V (D)
− 1 and ISB(H-D)=B(H)B(D) − 1 at zero temperature and pressure are
also included.
Ice < rHbondOO > < N
Hbond > < rvdWOO > < N
vdW > VH2O ISV (H-D) BH2O ISB(H-D)
XI 2.719 4.000 0.000 0.000 31.41 −0.32% 13.26 +1.51%
Clathrate sI 2.728 4.000 0.000 0.000 35.90 −0.20% 10.56 +1.71%
LDL-likeρ=1.0
T=300 2.765 3.953 3.899 0.688 30.07 −0.18% 8.28 +0.81%
Ic 2.719 4.000 0.000 0.000 31.60 −0.16% 13.24 +1.02%
HDL-likeρ=1.2
T=300 2.815 4.047 3.582 2.109 24.57 +0.09% 16.73 −0.38%
IX 2.737 4.000 3.489 2.000 25.44 +0.10% 13.18 −0.456%
II 2.756 4.000 3.487 2.000 25.10 +0.12% 17.27 −0.666%
HDL-like2ρ=1.0
T=300 2.783 4.063 3.748 0.969 27.81 +0.15% 10.80 −0.59%
HDL-like1ρ=1.0
T=300 2.790 4.063 3.622 0.969 27.71 +0.28% 9.90 −1.66%
HDL-likeρ=1.0
T=350 2.917 3.781 3.834 1.938 27.63 +0.35% 9.69 −5.21%
XV 2.773 4.000 3.354 2.800 22.94 +0.35% 17.12 −2.40%
VIII 2.943 4.000 2.949 4.000 21.09 +0.90% 16.22 −7.40%
up to T ∼ 310 K, and a second region with almost con-
stant, slowly decreasing difference, up to the melting tem-
perature. As the Hbonding network is never completely
broken in liquid water, as in ice VIII, the isotope ef-
fect stays anomalous throughout all the temperatures.
Drawing conclusions from our results, we speculate that
the anomalous isotope effect in liquid water goes from
strongly anomalous to weakly anomalous as the temper-
ature increases from the melting point to the bulk mod-
ulus maximum (compressibility minimum), therefore the
LDA-like components of the liquid decrease in this re-
gion. Then it starts behaving as a normal liquid after
this temperature.
This is also shown in Fig. 10, where the volume
per molecule of the liquid water from Ref. 20 is com-
pared to one of the configurations with the LDL-like
amorphous ice and to one of the configurations with the
HDL-like amorphous ice, as calculated with the QHA at
high temperatures. Even though the quantitative val-
ues are not exact at these temperatures with the QHA,
one can estimate the LDL-like and HDL-like contribu-
tions to the liquid by approximating the liquid water vol-
ume per molecule such that V expt. = λV LDL−like + (1 −
λ)V HDL−like. Then it is clear that up to ∼ 305 K, the
LDL-like contributions decrease. Therefore, a force-field
model that can reproduce the aforementioned anomalies
of water must also reproduce the anomalies in the isotope
effect.
IV. CONCLUSION
We study the nuclear quantum effects on the volume
and bulk modulus of several ice phases, as well as ice-
like structures. We start with a structural analysis of
the lattice parameters and the volume of hexagonal ices,
including different components of the strain tensor and
we show that the classical (frozen) bulk modulus along
the x-y plane is smaller than along the z-axis, hence the
hexagonal ice is softer along the x-y plane. In addition,
we calculate the isotope effect on the total bulk modulus
of the hexagonal ices. There is an anomalous isotope
effect on the bulk modulus for hydrogen isotopes: the
bulk modulus of D2O is smaller than H2O, and normal
isotope effect on the bulk modulus for oxygen isotopes;
similarly to the isotope effect on the volume.
Then we investigate the isotope effect on different poly-
morphs of ice. First, we obtain an anomalous isotope
effect on the volume of the clathrate structure I, in very
good agreement with the experiments. Then we calculate
that the isotope effect is anomalous in ice Ih, clathrate sI,
ice Ic and LDL-like amorphous ices. Moving on to high
pressure ice phases, where the interstitial sites start to get
filled, in the intermediate ice phases, ice IX, ice II, and
ice XV, as well as in the HDL-like amorphous ices, we ob-
serve that the difference between the volumes of H and D
starts as a small and normal isotope effect and becomes
anomalous at higher temperatures with the increasing
density. Once we get to the other end of the phase di-
agram, ice VIII is the most dense ice phase, where the
interstitial sites are completely filled, the isotope effect
becomes completely normal both at zero pressure and at
high pressures.
Finally, we discuss the implications of our results on
the isotope effect in liquid water. When the hexagonal
ice Ih, which is already a structure with large anoma-
lous isotope effect, melts, the effect in liquid water also
starts as large and anomalous. With the increasing tem-
perature, the anomaly of the isotope effect (difference in
the volume of the two isotopes) decreases rapidly up to
T ∼ 310 K, which is close to isothermal compressibility
minimum temperature, T ∼ 320 K. Until the compress-
ibility minimum temperature, as the interstitial sites are
being filled, the isotope effect goes towards being normal
very quickly. This is similar to moving from ice Ih to-
wards ice VIII in the analyzed structures. However, in
liquid water, the Hbond network is intact as compared to
ice VIII. Therefore, the net effect stays anomalous. Once
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the compressibility minimum is reached, then the change
in the isotope effect is stabilized and it keeps on decreas-
ing at a much slower rate, until it gets to the boiling tem-
perature. With this, we can speculate that the nuclear
quantum effects and the anomalous isotope effect are
linked to the compressibility minimum of liquid water.
This conclusion opens new horizons for the development
of semi-empirical water models, showing that a complete
theory should be able to explain different anomalies of
water, in different regions of the phase diagram.
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VI. SUPPORTING INFORMATION
In the supporting information, we present a detailed
derivation of the relations between the strain tensor and
the bulk modulus, that is used to calculate the anisotropy
in the bulk modulus of the hexagonal ices. We also
present the temperature dependence of the bulk modu-
lus of the hexagonal ices as calculated with the TTM3-F
force-field model, comparison of the isotope effect of the
filled and empty clathrate structures, and the isotope ef-
fect on the volume of ice VIII at P = 2.5 GPa.
A. Strain Tensor and Bulk Modulus Relations
When there is a small uniform deformation on a solid,
the axes are distorted in orientation by ǫαβ.
86 Then the
displacement of an atom due to this deformation can be
defined as:
R(r) ≡ (xǫxx + yǫyx + zǫzx)xˆ+ (xǫxy + yǫyy + zǫzy)yˆ
+(xǫxz + yǫyz + zǫzz)zˆ
= u(r)xˆ+ v(r)yˆ + w(r)zˆ. (8)
From the displacement, the coefficients of the strain
tensor can be defined by the relation
eαβ ≡ ǫαβ = ∂uα
∂xβ
+
∂uβ
∂xα
, (9)
where α and β runs over xˆ, yˆ, zˆ directions.
Within the approximation of Hooke’s law, we can write
the elastic energy density as a quadratic function of the
strains as follows,
∆E
V
=
1
2
6∑
λ=1
6∑
µ=1
C˜λµeλeµ, (10)
where 1 ≡ xx; 2 ≡ yy; 3 ≡ zz; 4 ≡ yz; 5 ≡ zx; 6 ≡ xy.
Noting that only certain combinations enter the stress-
strain relations, the elastic stiffness constants are sym-
metrical:
Cαβ =
1
2
(
C˜αβ + C˜βα
)
= Cβα. (11)
Furthermore, we change the lattice parameters along
the lattice directions in the hexagonal ice system. There-
fore, we are interested only in symmetry-preserving
strains: exx = eyy = ∆a/a and ezz = ∆c/c and there
are no shear strains. This reduces the elastic stiffness
constants to the upper left 3 × 3 part of the elasticity
tensor. Then eq. (10) becomes;
∆E
V
=
1
2
[C˜11e1e1 + C˜22e2e2 + C˜33e3e3
+(C˜12 + C˜21)e1e2
+(C˜13 + C˜31)e1e3
+(C˜23 + C˜32)e2e3]
=
1
2
[C11e
2
xx + C22e
2
yy + C33e
2
zz + 2C12exxeyy
+2C13exxezz + 2C23eyyezz]
=
1
2
[2C11e
2
xx + C33e
2
zz + 2C12e
2
xx + 4C13exxezz]
=
1
2
[
2(C11 + C12)
(
∆a
a
)2
+ C33
(
∆c
c
)2
+ 4C13
(
∆a
a
)(
∆c
c
)]
. (12)
More simply, we can also write this as:
∆E
V =
1
2
(
∆a/a, ∆a/a, ∆c/c
) c11 c12 c13c12 c11 c13
c13 c13 c33



 ∆a/a∆a/a
∆c/c

 .
(13)
Let us now consider dilation under hydrostatic pres-
sure,
δ ≡ V
′ − V
V
= exx + eyy + ezz. (14)
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By using the definition of bulk modulus, we can link di-
lation to energy as ∆EV =
1
2Bδ
2. Combining this with
the last part of eq. (12), we can see that when we only
change lattice parameter a, the dilation is δ = 2∆a/a
and bulk modulus we get corresponds to;
∆E
V
=
1
2
[2(C11 + C12)
δ2
4
]
Ba =
C11 + C12
2
. (15)
Similarly, when we change only lattice parameter c,
the dilation is δ = ∆c/c and bulk modulus we get corre-
sponds to;
∆E
V
=
1
2
C33δ
2
Bc = C33. (16)
This shows that for hexagonal ice, by varying values of
a and c near the minimum, we acquire theoretical val-
ues of three constants of interest: (C11 + C12), C13, and
C33. There are three other elastic constants: C11 − C12,
C14 and C44 that one can only compute by calculating
energies of sheared structures.
To obtain C13 let us again consider hydrostatic pres-
sure. The stress tensor is then σαβ = Pδαβ . In 6-
component vector notation, we only need the first three
components. The relation between stress and symmetry-
conserving strain becomes
 PP
P

 = −

 C11 C12 C13C12 C11 C13
C13 C13 C33



 ∆a/a∆a/a
∆c/c

 . (17)
If we equate the pressure at the first two equations from
the matrix, we get the relations between ∆a/a and ∆c/c:
(C11 + C12 − 2C13)∆a
a
= (C33 − C13)∆c
c
. (18)
This gives us relations between ∆V/V and ∆a/a and
∆c/c,
∆V
V
= 2
∆a
a
+
∆c
c
=
[
2(C33 − C13)
C11 + C12 − 2C13 + 1
]
∆c
c
=
[
2 +
C11 + C12 − 2C13
C33 − C13
]
∆a
a
(19)
Finally, the bulk modulus is defined by P = −B∆V/V ,
from the second equation of the P matrix
B = (2C13
∆a
a
+ C33
∆c
c
)
(
C33 − C13
2C33 − 2C13 + C11 + C12 − 2C13
a
∆a
)
= (2C13
∆a
a
+ C33
(C11 + C12 − 2C13)
C33 − C13
∆a
a
)
(
C33 − C13
2C33 − 4C13 + C11 + C12
a
∆a
)
=
2C13(C33 − C13) + C33(C11 + C12 − 2C13)
2C33 − 4C13 + C11 + C12
=
C33(C11 + C12)− 2C213
C11 + C12 + 2C33 − 4C13 . (20)
Now that we know B, (C11 + C12), and C33, we can
use eq. (20) to obtain C13.
B. TTM3-F Model Temperature Dependence of
Bulk Modulus
It is important to note that TTM3-F model is still
capable of reproducing the anomalous isotope effect at
high temperatures. The normal to anomalous isotope ef-
fect transition occurs at ∼ 270 K for ice XI and at ∼
200 K for ice Ih, as shown in Fig. 11 and 12, respec-
tively. At these temperatures, the most stable phase is
already ice Ih, therefore, TTM3-F works well with pre-
dicting the stable phase only at high temperatures, close
to the melting point.
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FIG. 11. Bulk modulus as a function of temperature calcu-
lated with the TTM3-F force field model for H-ordered ice
XI. Note that the anomalous isotope effect is recovered at ∼
270 K.
C. Volume as a Function of Pressure in Clathrate
Hydrate Structure I
In Fig. 13, we present the isotope effect as a volume
change % relative to H2O at P = 0 bar, V (P )/VH2O, for
the filled clathrate structure as compared to the empty
structure presented in Fig. 6 in the main paper. The
isotope effect stays anomalous regardless of the existence
of the host molecules, and the main difference is in the
slopes of the V (P ) lines.
We present the empty clathrate sI results in the main
paper for a fair comparison with the other ice structures.
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FIG. 12. Bulk modulus as a function of temperature calcu-
lated with the TTM3-F force field model for H-disordered ice
Ih. Note that the anomalous isotope effect is recovered at ∼
200 K.
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FIG. 13. Volume change V (P )/VH2O as a function of pres-
sure for filled and empty clathrate hydrates of structure I.
Note that the isotope effect stays anomalous regardless of the
filling of the clathrate sI, and the main difference is in the
slope of V (P ), therefore reflected in the exact value of the
corresponding bulk modulus.
Here we also present the results for the clathrate hydrate
structure I with 8 CH4 host molecules.
Fig. 14 shows the volume per molecule as a function
of temperature for the filled clathrate structure as com-
pared to the empty structure presented in Fig. 7 in the
main paper. Again the isotope effect is anomalous re-
gardless of the host molecules. We also find that the vol-
ume per water molecule of the filled structure is smaller
than that of the empty structure, in agreement with the
experimental results on clathrates.
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FIG. 14. Volume per molecule as a function of temperature
for filled and empty clathrate hydrate structure I. The solid
lines are the empty structure and the dashed lines are the
filled structure.
D. Isotope Effect on the Volume of Ice VIII at
High Pressure
Ice VIII is a stable phase under applied pressure. In
Fig. 15, we present the volume per molecule as a function
of temperature under applied pressure of P = 2.5 GPa.
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FIG. 15. Volume per molecule as a function of temperature
for ice VIII at P = 2.5 GPa calculated with the QHA using
the vdW-DFPBE functional.
We compare the experimental volume per molecule
V = 18.4 A˚ at P = 2.4 GPa53 with the calculated vol-
ume of V = 19.06 A˚, and the calculated volume is slightly
overestimated. The isotope effect on ice VIII stays nor-
mal up to the melting point regardless of the pressure.
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